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Abstract. In it was proved that, given a compact toric Sasaki mani- 
fold with positive basic first Chern class and trivial first Chern class of the 
contact bundle, one can find a deformed Sasaki structure on which a Sasaki- 
Einstein metric exists. In the present paper we first prove the uniqueness of 
such Einstein metrics on compact toric Sasaki manifolds modulo the action 
of the identity component of the automorphism group for the transverse holo- 
morphic structure, and secondly remark that the result of [11] implies the 
existence of compatible Einstein metrics on all compact Sasaki manifolds ob- 
tained from the toric diagrams with any height, or equivalently on all compact 
toric Sasaki manifolds whose cones have flat canonical bundle. We further 
show that there exists an infinite family of inequivalent toric Sasaki-Einstein 
metrics on 5 5 (tfc(5 2 X S 3 ) for each positive integer k. 



1. Introduction 

In [11) the existence of an Einstein metric is proved on a compact toric Sasaki 
manifold with positive basic first Chern class and trivial first Chern class of the 
contact bundle D; These two conditions will be denoted by cf > and ci(D) = 0. 
The purposes of the present paper is firstly to prove the uniqueness of Sasaki- 
Einstein metrics up to a connected Lie group action and secondly to clarify the 
meaning of the assumptions cf > and ci(D) = in relation with toric diagrams. 

A Sasaki manifold is a Ricmannian manifold (S, g) whose cone manifold (C(S),g) 
with C(S) = S x R + and ~g = dr 2 + r 2 g is Kahler where r is the standard coordinate 
on R + . From this definition S is odd-dimensional and we put dim S = 2m + 1, and 
thus dim<7(s) = m + 1. A Sasaki manifold (S,g) is said to be toric if the Kahler 
cone manifold C(S) is toric, namely (m + l)-dimensional torus G acts on (C(S),g) 
effectively as holomorphic isometrics. Note that C(S) does not contain the apex. 
Then S is a contact manifold with the contact form 

77 = (i(8- <9)logr)| r= i 

where S is identified with the submanifold {r = 1} C C(S), and has the Reeb 
vector field £ with the defining properties 

i(£)?7 = 1 and i(^)drj = 

where denotes the inner product. The Reeb field £ is a Killing vector field on 
S and also lifts to a Killing vector field on C(S), and thus £ is contained in the Lie 
algebra g of G since G already has the maximal dimension of possible torus actions 
on C(S). 
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The Reeb vector field £ generates a 1-dimensional foliation, called the Reeb 
foliation, on S. Since £ naturally lifts to a holomorphic vector held on C(S) in the 
form £ — i J£ with £ = J(r^) the Reeb foliation shares common local leaf spaces 
with the holomorphic flow generated by £ — «J£ on C(S). Thus the local leaf spaces 
give the Reeb foliation a transverse holomorphic structure. The contact structure 
of S determines a Kahler structure on the transverse holomorphic structure, which 
we call the transverse Kahler structure. 

Recall that a smooth differential form a on S is basic if 

i(£)a = and C^a = 

where denotes the Lie derivative by £. The basic forms are preserved by the 
exterior derivative d which decomposes into d = 8b + 9_b, and we can define ba- 
sic cohomology groups and basic Dolbealt cohomology groups. We also have the 
transverse Chern-Weil theory and can define basic Chern classes for complex vec- 
tor bundles with basic transition functions. The Sasaki manifold is said to have 
positive basic first Chern class if the first Chern class of the normal bundle of the 
Reeb foliation is represented by a positive basic (1, l)-form; as mentioned above 
this condition is denoted by cf > 0. This is a necessary condition for the exis- 
tence of Sasaki-Einstein metric or equivalently the existence of positive transverse 
Kahler-Einstein metric. There is another necessary condition c\{D) — as a de 
Rham cohomology class where D — Kerf? is the toric bundle. Coversely if cf > 
and C\(D) = then cf = T[drj\ for some positive constant r. See Proposition 4.3 
in [TT] for more details. Given a Sasaki manifold (S,g), we say that another Sasaki 
metric g' is compatible with the Sasaki structure of (S, g) if g and g' have the same 
Reeb vector field and thus define the same transverse holomorphic structure. 

The automorphism group of the the transverse holomorphic structure is the 
group of all biholomorphic automorphisms of C(S) which commute with the holo- 
morphic flow generated by £ — i J£. Such automorphisms descend to an action on 
S preserving the transverse holomorphic holomorphic structure of the Reeb foli- 
ation, see section 2 for more detail. In this paper we first prove the uniqueness 
theorem of compatible Sasaki-Einstein metrics modulo connected group actions of 
automorphisms for the transverse holomorphic structure. 

Theorem 1.1. Let (S,g) be a compact toric Sasaki manifold with cf > and 
Ci(D) = 0. Then the identity component of the automorphism group for the trans- 
verse holomorphic structure acts transitively on the space of all Sasaki-Einstein 
metrics compatible with g. 

In order to make clear which Sasaki manifolds the result of [11) applies to, we 
wish to explain the conditions cf > and Ci(D) — 0. Since a three dimensional 
Einstein manifold of positive scalar curvature is finitely covered by the standard 
three sphere we may restrict ourselves to the case when the dimension of S is bigger 
than or equal to five. 

Theorem 1.2. Let S be a compact toric Sasaki manifold with dim S > 5. Then 
the following three conditions are equivalent. 

(a) cf > and a(D) = 0. 

(b) The Sasaki manifold S is obtained from a toric diagram with height I for 
some positive integer £ defined by Ai, • • ■ , A<j € g and 7 G q* (cf Definition 
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\3.1\ and \3.3\) and the Reeb field £ G g satisfies 

(7, £) = -m - 1 and (y, > for all y S C 

W / le r e C = {yeg*|(y,A,) > 0, j = l,- ••,<*}. 
(c) for some positive integer I, the l-th power of the canonical line bundle 

K-C(S) * s trivial. 

Remark 1.3. We denote by C(S) the the closure of the cone C(S), that is C(S) 
plus the apex, and consider it as an affine toric variety. It is a known fact that 
the condition of toric diagram with height £ is equivalent to the apex being a Q- 
Gorenstein singularity, that is the l-th power /C ^^ of the canonical sheaf is 

invertible, see [2]. 

In the literature there are toric Sasaki manifolds denoted by Y p - q ([12], [15]). 
W>i> r ([9], [19]), J?'? (P3j) and Z p ' q ([24], [3]) which are constructed from toric 
diagrams with height 1. They are all of positive basic first Chern class by Theorem 
11.21 and thus admit a Sasaki-Einstein metric by [llj . Combining the existence 
result of [llj with Theorem ll.il and Theorem ll.2l we get the following corollary. 

Corollary 1.4. Given a toric diagram, there is a unique Sasaki structure whose 
cone is the one obtained from the toric diagram by Delzant construction and on 
which there exist compatible Einstein metrics. Moreover the identity component of 
the automorphism group of the transverse holomorphic structure acts transitively 
on the set of all compatible Einstein metrics. 

Thus the Sasaki-Einstein metrics constructed in [11] on Y p q coincide with those 
which have been known in the literature [12], [15] . 

Using diagrams we show that compact connected toric Sasaki manifolds associ- 
ated with toric diagrams of height bigger than 1 are not simply connected and that 
the converse is not true by giving an example. We will also show the following. 

Theorem 1.5. For each positive integer k there exists an infinite family of inequiv- 
alent toric Sasaki-Einstein metrics on the k-fold connected sum S 5 $k(S 2 x S 3 ) of 
S 2 x S 3 with S 5 . 

The existence of (possibly non-toric) Sasaki-Einstein metrics on S 5 $k(S 2 x S 3 ) 
has been known by the works of Boyer, Galicki, Nakamaye and Kollar ([5], [4], 
[15|). and that the existence of toric Sasaki-Einstein metrics for all odd fc's has 
been known by van Coevering (26\). Hence our result is new in that we obtain 
toric constructions for all even fc's. Moreover most of our examples should be 
irregular while the previous ones are all quasi-regular. 

We are grateful to Charles Boyer for pointing out our careless statement of the 
results without the condition C\{D) = in the first version of the paper. 

2. Uniqueness of compatible Sasaki-Einstein metrics 

In Kahler geometry a well known method of proving uniqueness of constant 
scalar curvature metrics is to use geodesies on the space of all Kahler metrics in 
a fixed Kahler class ([TS], [TDJ, [8]). This idea becomes substantially simpler when 
the Kahler manifold under consideration is toric because the geodesic becomes a 
line segment expressed by the symplectic potentials ([13]). To prove Theorem ll.il 
we wish to use the same idea, but have to consider geodesies both on the space of 
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transverse Kahlcr metrics on S and on the space of Kahlcr metrics on C(S). We 
therefore give an outline of the idea in the case of compact Kahler manifolds first 
and then explain how we modify it in the Sasakian case. 

Let V be a compact Kahler manifold and H the space of Kahler potentials in a 
fixed Kahler class [wq] : 



U = W e C°°(V) | u v = ojo + V^lddtp > 0}. 

The tangent space T^H at € H is identified with the set C°° (V) of all real smooth 
functions via 

as | g=o 

We have a natural Riemannian metric on H 

where n = dime and ipi,ip2 <S = C°°(V). For a smooth path ip = {<p t \ a < 
t < b} in 7i, let V = {V't I a < t < b} be a vector field along <p, considered as 

d_ 

ds | s =o v 

Then the covariant derivative by Levi-Civita connection is expressed as 

(1) = i>t~ Be{d<p t ,di) t )u> t =i>t- ^(#t,#t) Wt 

where u) t — uj Vt . Thus the equation of geodesies is given by 



= — , S<Pt + s ^t) € T Vt H, a<t<b. 



(2) (Pt ~ \d<pt\l t = 0. 

The K-energy, or Mabuchi energy, is defined by 

H(w v ) := M(uj v ,uq) = - J (^j (a Uf -^(puif^j dt 

where tpt := t<p, < t < 1, o>t = w Vt and 



_ / v n Cl (VK 

(7 = — 



rt-1 



J>o" 

The fundamental facts are the following: 

• iv v is a, critical point of /j if and only if uj v is a Kahler metric of constant 
scalar curvature. 

• The Hessian of zx is positive semi- definite, so /x is a convex function. 

• We have for any smooth path {ifit}o<t<i 

d 2 fi(uj t ) _ 

iv 

where Y t — Lo^ 1 (dip t )- In particular, for geodesies ip t we have 
(3) ^ (wt) = J v \9Ytt^>0. 
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(l/2 = j \dY t \l t w?- j tf t -\d<MlM 



Now we can prove the uniqueness of constant scalar curvature metrics modulo 
the action of the identity component of the group of biholomorphic automorphisms 
of V provided we have a geodesic joining two such metrics as follows. Suppose that 
both luo and u>\ are Kahler forms with constant scalar curvature and that we have 
a geodesic u>t, < t < 1, joining them. Then it follows from the above facts that 

d 2 [i(ujt) > dn(u} t ) _„ d/j,(ujt) ^ Q 

dt 2 ~ ' dt |t=o dt \t=i 

These imply - 1 = for all t £ [0,1]. But the equation ([3]) shows that Y t is a 
holomorphic vector field and uit is the pull-back of loq by an automorphism of V. 

The problem is then whether we can find a geodesic in the space of Kahler 
metrics. The geodesic equation is reduced to a degenerate Monge-Ampere equa- 
tion ([25). The existence of C ^-solution was proved by X.X. Chen [S], but C 1 ' 
geodesies are not enough to prove uniqueness and Chen used e-approximations of 
the solutions. In the toric case, however, geodesies are obtained as a line segment 
of symplectic potentials as shown by Guan [13j . which is explained next. 

Let V be a toric Kahler manifold. Then V is a completion of (C*) n with co- 
ordinates w 1 , - ■ ■ ,w n . Put w 3 = e zl and z J ' = x 3 + i6 J . Let F{x) be the Kahler 
potential of a T™-invariant Kahler metric so that 

i d 2 F 

u = ig^dz 3 Adz k = ^g^g^dz 3 A dz k . 
The symplectic potential G is the Legendre transform of F: 

3=1 

OF 



with yj = j^j. There is a symmetrical relation 



Thus as matrices 



f^, F{x)=y Vj ^--G. 



( d 2 F = fly^ = = d 2 G 



y dx l dx° dx 3 dyj dyidyj 

If {uj t } is a curve in the space of Kahler forms and F t is the corresponding Kahler 
potential then we have the i-dependent coordinates 

dF t 
ox 

on the image of the moment map. Conversely if we start from a curve Gt of sym- 
plectic potential with ^-independent coordinates y we have i-dependent coordinates 

dG t 
dy 

on R ra . To understand the geodesic equation better it is convenient to consider 
F t (xt) in terms of ^-dependent coordinates Xt and Gt{yt) in terms of yt with the 
relations 

(4) = G t (y t ) = ±4^-F t . 

oxi r^i oxi 



We suppress t for the notational convenience. First of all 



, .. - rO, 

dt dijj 

j=i J3 j=i 



and 



at l ^ X dxi ' ~ ^ dxi +X dxi +X dxidx kX dxJ X ' 

n 

= £Vy* F(x). 
3=1 

Thus 

(5) G(y) = 

Taking the derivative of ([5]) we get 

3=1 3=1 ^ 

In what follows we omit obvious indices and sum notations. Taking the derivative 
of y = ^ we have 

(7) y = !?l + ?y ± 

dx dx 

Proposition 2.1. Let M be a toric Kahler manifold. 

(a) Let F t (xt) and Gt(jjt) be Kahler and symplectic potentials oft-dependent co- 
ordinates Xt and yt satisfying the relations |^J). Then the geodesic equations 
are insensitive to t-dependent coordinates in that 

(F-~\dF\f)(x t )=0 

if and only if 

G{ Vt ) = 0. 

(b) For any two Kahler potential there exists a unique geodesic joining them. 
In the action-angle coordinates y, 9 with fixed standard symplectic form 
u> = X}j=i dyi A dQ % the geodesic can be expressed as tG\(%j) + (1 — i)Go(y). 

Proof, (a) It follows from ©, Q and © that 

(p — -\dF\ 2 )(xt) - F-—^^ 
1 2 |d *'* J W " b dydxdx 

q dG. dF dxdFdF 
dy dx dy dx dx 

G —■ —x (—■ x) — 

dy ' J dx X dy^ X dx 

dy V dy V 
= -G(y t ). 



(b) The existence of a geodesic joining two Kahler potentials can be shown as fol- 
lows. We first fix ^-independent coordinates x on R™ and y on the convex polytope. 
Let Fq(x) and F\(x) be two Kahler potentials, and yo, yi, Go and G\ be defined 

by 

Vo = -z—, G = xy - F ; y x = — — , G\ = xy x - F x . 

ox ox 

Put yt — tyi + (1 — t)yo. Then y t is the moment map of the Kahler potential 
tF\ + (1 — t)Fo and thus gives coordinates on the image of the moment map. Put 
Gt{y) = tGi{y t ) + (1 — t)Go(yt)- Then obviously G(y t ) — 0, so the corresponding 
Legendre transform 

Ft(x t ) = yS^- - G t (y t ) 
oyt 

satisfies the geodesic equation (F — h\dF\^))(xt) = 0. Thus we get a geodesic F t (x) 
joining Fq and F\. Notice that we inserted ^-independent coordinates x in F t so 
that F t (x) becomes a geodesic in the original sense. We could perturb y t and get 
a different xt , but F t (x) does not change because of the uniqueness of the geodesic 
proved by X.-X. Chen [5] . One can argue as in [13] to show that F t defines metrics 
on the whole Kahler manifold. 

Taking the Legendre transform of the geodesic F t obtained in this way one sees 
that in the action- angle coordinates on the polytope (see [T]) Gt is expressed as 
tGx(y) + (l-t)G (y). " □ 

Now we consider the case of transverse Kahler structure of compact Sasaki man- 
ifolds of positive basic Chern class. We begin with the study of the automorphisms 
of transverse holomorphic structure. 

Proposition 2.2. Let S be a compact Sasaki manifold. Then the Lie algebra of 
the automorphism group of transverse holomorphic structure is the Lie algebra of 
all Hamiltonian holomorphic vector fields in the sense of Definition 4-4 of . 

Proof. Since the Reeb foliation has transverse holomorphic structure we can choose 
local transverse holomorphic coordinates z 1 , ■ ■ ■ , z m . They are used as part of local 
holomorphic coordinates as well as local coordinates on S. A local holomorphic 
vector field of the form X l -J~ is considered as a local vector field on C(S) as well 
as one on S. We will denote by X' the former and by X' the latter. Note that, 
along {r = 1}, X' is the tangential part to S = {r = 1} of X'. 

If a vector field X generates a one-parameter group of automorphisms of C(S) 
which commutes with the holomorphic flow generated by ^ — iJ^ then [X, £ — iJ£] = 
0. If we set X = Y - iJY with Y the real part of X then [f , Y] = 0. From this 
one sees [Y, J£] = J[Y, £] = 0. These mean that the holomorphic flow descends to 
S and local leaf spaces, and that X descends to a holomorphic vector field on each 
local leaf space. This local vector field can be regarded as a local vector field X' 
on C(S) as well as X' on S. Recall from [11] that the contact form r] on S lifts to 
C(S) as 

1) = 2d c log r = i(d — d) log r 

where we use the same letter r\ by the abuse of notation. We then have rj(X') = 
■n(X'). This is because if p : C(S) = S x M + — > S is the projection then n on C(S) 
is p* and X' = p*X'. 
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Then X can be expressed as 

(8) x = v (x)(£-iJt) + (x'-Ti(x f )(z 

Note that the right hand side is an orthogonal splitting 
© we get 

(9) dr,(X) =d V (X') =8bv(X'). 
Taking the tangential component to S of X we obtain 

X:= V {X)t + X'-Ti(X% 
Then since r)(X) = rj(X), X may be written as 

X = V (X)t + X'-7 1 (X% 

Since r\ is of the form 

t] = dt- id B f + id B f 

where t is the leaf coordinate with £t = 1 and / is the Kahler potenitial for the 
transverse Kahler form \dr\ we have 

d-q = 218383 f- 

Hence we get 

i{X)di 1 = i(X')dri = 2i(X')d BV = -2d B (r)(X')) = -2d B (v(X)). 

Hence X is a Hamiltonian holomorphic vector field in the sense of Definition 4.4 of 
[TT] . It is easy to see that the Lie algebra consisting of all X is isomorphic to the 
Lie algebra consisting of all Hamiltonian holomorphic vector fields X. □ 

Recall that a basic function ip is a smooth function on S such that = where 
£ is the Reeb field. The transverse Kahler form ui T is given by 

t 1. 
uj = -dri 

where 

r) = 2d c logr| {r=1}ss = i(B - d) logr| {r=1}ss 

and the transverse Kahler deformation is given by lu t + 18383 f for some basic 
function ip where 83 and 83 are basic 8 and (9-operators. The tangent space to 
a transverse Kahler metric is therefore the set of all basic functions ip. We may 
define geodesies in the space of transverse Kahler metrics by the equation 

ip - \d B <p\t = 0. 

We can derive the similar conclusion that if one can always find a geodesic joining 
two Kahler potentials one can show that the identity component of the automor- 
phism group of the transverse holomorphic structure acts transitively on the space 
of transverse Kahler metrics of constant scalar curvature by using the principle 
stated in the Appendix of [TT]. In fact the corresponding equation to shows 
that the geodesic joining two transverse Kahler metric of constant scalar curvature 
is tangent to the Hamiltonian function of a Hamiltonian holomorphic vector field. 
Of course since transverse Kahler-Einstein metrics have constant scalar curvature 
these arguments give the uniqueness of transverse Kahler-Einstein metrics modulo 
the action of the identity component of the automorphism group of the transverse 
holomorphic structure. 
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-U0). 

. Taking 8 of both sides of 



Suppose now that the compact Sasaki manifold S is toric so that the cone C(S) 
is a toric Kahler manifold. We may also define the covariant derivative and geodesic 
equation by |1| and By the above arguments we can always find a geodesic 
joining two Kahler potentials on C(S). The Kahler form on C(S) is given by 

uo = -d(r 2 n) = -idd c r 2 = -iddr 2 . 
2 x " 2 2 

A function on S can be lifted to C(S) = Sx K + and we use the same notation for 
a function on S and its lift to C(S). The transverse Kahler deformation is given 
using a basic function <p by 

rj = rj + 2d c B ip = 2d c log(r exp </?), 

and hence the Kahler form ui on C(S) is deformed by 

(10) £5 = ^d(f 2 ?j) = ^idd(r 2 exp(2ip)). 

Let K. be the space of all Kahler metrics on C(S) of the form iddH for some 
real smooth function H on C(S), and K w be the submanifold consisting of Kahler 
metrics obtained by transverse Kahler deformations of the form (|10p . 

Lemma 2.3. K, u is a totally geodesic submanifold in IC. 

Proof. By dTO]) a curve in JC W is of the form |r 2 exp(2ip t ) so that its tangent vector 
is r 2 (fit where we put r t = rexp(p t . Similarly a vector filed along ^r 2 exp(2ip t ) is 
of the form r 2 ipt for a curve tpt of basic functions. The covariant derivative of r 2 ip t 
along ir 2 exp(2ip t ) is computed by 

(11) J t {r2tA) = 2r t^t + r 2 i; t -^(d(r 2 Vt),d(r 2 M) 

= r 2 (V> t -i(^ 4 ,# t )) 

2D 
= rt dt^ 

where the covariant derivative in the last term is the one for the transverse Kahler 
structure. This shows that the covariant derivative of a vector field in the tangent 
spaces of K u along a curve in K u is tangent to /C w . Thus JC U is a totally geodesic 
submanifold. □ 

Proposition 2.4. A curve idd(^r 2 exp(2ip t )) in K,^ is a geodesic if and only if 
iij T + idBdBft is a geodesic in the space of the transverse Kahler metrics. Moreover, 
for any given two transverse Kahler metrics with the same Reeb field £ corresponding 
to toric Kahler cone metrics there exists a unique geodesic joining them. 

Proof. The first statement follows immediately from (fTTjl . Let loq and uif be the 
transverse Kahler metrics with the common Reeb field £ corresponding to toric 
Kahler metrics uq and lo\ on C (S) . Let Go and G\ be the corresponding symplectic 
potentials. We use the action- angle coordinates yt, 6 l . Since Go and Gi have 
common Reeb field £, g = G\ — Go satisfies 

m+l „ ^ 



by (2.40) in [21] • Thus the geodesic tGi(y) + (l — t)G (y) = G + tg joining G and 
G\ has the same Reeb field £, and thus the corresponding Kahler potentials define 
the same transverse holomorphic structure. From the first statement it follows that 
the geodesic F t = |rf = \r 2 exp(2y> t ) with tp t basic smooth functions descends to 
a geodesic in the space of transverse Kahler metrics. □ 

Proof of Theorem fl.l\) : Let u)q and ujJ be the transverse Kahler metrics corre- 
sponding to two Sasaki-Einstein metrics. As proved in |22j and [7] Lichnerowicz- 
Matsushima theorem for compact Kahler manifolds of constant scalar curvature 
extends to compact Sasaki manifolds of constant transverse scalar curvature we 
may assume that both uiq and cof are invariant under the maximal compact sub- 
group of the group of automorphisms of the transverse holomorphic structure. In 
particular we may assume that they are invariant under the maximal torus G, and 
thus we only need to consider the toric Sasaki-Eisntcin metrics. 

In [2T] and [TT] it is shown that the volume functional of Sasakian structures 
depends only on the Reeb fields, that there is a unique critical Reeb field £ which 
minimizes the volume functional and that only for the critical point £ the obstruc- 
tion to the existence of transverse Kahler-Einstein metric vanishes. Thus lJq and u>f 
must have a common Reeb field £. They can be joined by a geodesic by Proposition 
12.41 We then apply the standard method known in Kahler geometry as explained 
above, and it follows from ([3]) that the geodesic is tangent to the Hamiltonian 
function of a Hamiltonian holomorphic vector field. This completes the proof. 

3. TORIC DIAGRAMS 

We begin with the definition of a good rational polyhedral cone. 

Definition 3.1 (c.f. [16]). Let g* be the dual of the Lie algebra g of the (m + 1) 

dimensional torus G. Let Z fl be the integral lattice of g, that is the kernel of the 
exponential map exp : g — > G. A subset C C Q* is a rational polyhedral cone if 
there exists a finite set of vectors Aj S Z fl , 1 < i < d, such that 

C = {y Eg* | (y,Xi) >0for i = l,---,d}. 

We assume that the set Aj is minimal in that for any j 

C^{yeg* | (y, A,) > for all * ? j} 

and that each Aj is primitive, i.e. Xi is not of the form Xi = a/i for an integer 
a > 2 and fj, 6 Z . ( Thus d is the number of codimension 1 faces if C has non- 
empty interior.) Under these two assumptions a rational polyhedral cone C with 
nonempty interior is good if the following condition holds. If 

{y&C\ (y,X h ) =0for aUj = l,--- ,k} 

is a non-empty face of C for some {i±, • • • , ik} C {1, • • • , d}, then A^ , • • • , Xi k are 
linearly independent over Z and 

k k 

(12) {]T a,X tj | a, ei}nZ 8 = £ m 3 X t] \ vn, € Z}. 

3=1 3=1 

Let M be a 2m + 1-dimensional compact connected contact toric manifold with 
the contact form rj. Namely there is an effective action of the (m + l)-dimensional 
torus G which preserves r/. Then the moment map /i : M — > g* is defined by 

(n(p),X) = (r ] (X M ))(p) 
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where Xm denotes the the vector filed on M induced by X £ g. We assume 
dim M — 2m + 1 > 5. It is well-known (PS]) that if the action of G is not free then 
the image of the moment map is a good rational polyhedral cone. 

Definition 3.2. An (m + 1)- dimensional toric diagram with height £ is a collection 
of Xi G Z m+1 ^ Z B satisfying (JE) and 7 € Q m+1 = (Q B )* such that 

(1) £ is a positive integer such that £j is a primitive element of the integer 
lattice Z m+1 = Z* . 

(2) (7,A,)=-L 

We say that a good rational polyhedral cone C is associated with a toric diagram of 
height £ if there exists a rational vector 7 satisfying (1) and (2) above. 

The reason why we use the terminology "height £" is because of the following 
proposition. 

Proposition 3.3. Using a transformation by an element of SL(m + 1,Z) we may 
assume that 

/-n 


7 = . 

V o/ 

and the first component of Xi is equal to £ for each i. 

Proof. By elementary group theory there is an element A of SL(m + 1,Z) which 
sends the primitive vector £7 in Z m+1 to *(— 1,0, ••• ,0) where the left upper t 
denotes the transpose. Then Aj = *(— 4, 0, • • • ,0). By transforming g by t A~ 1 , the 
transpose of A^ 1 , we get 

(A 1 , t A- 1 k) = (l,X l ) = -l- 
This implies the first component of t A~ 1 \i is £. □ 

Before we give a proof of Theorem 11.21 wc outline the proof of the following fact 

(c.f. ng, m)- 

Proposition 3.4. For each pair of a good rational polyhedral cone C and an ele- 
ment £ € Cg where 

C * = {£ S g I (v, > for all v e C} 

there is a compact connected toric Sasaki manifold S whose moment map image is 
equal to C\{0} and whose Reeb vector field is generated by £. 

Outline of the proof. The construction of a contact manifold from a good rational 
polyhedral cone is the so-called Delzant construction. Let e\, ■ ■ ■ , be the canon- 
ical basis of M. d . Of course they generate the lattice Z d . Let f3z : Z d — > Z B = Z m+1 
be the homomorphism defined by 

/3z( e «) = ^'j 

and /3m : R d — > g = M m+1 be the natural linear map induced by /3z. Since C has 
non-empty interior then /3r is surjective, i.e. there is a subset {ii, • • • , i m +i\ such 
that , • • • , , 1 are linearly independent over KL Then /3z and /3r naturally 
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induce a homomorphism j3r ■ T d — > G = T m+1 of the tori. Let if be the kernel of 
/3 T . We write [a] e T d for the image of a e R d . Then 

d 

K = {[a] | J2 aiXi 6 

i=l 

It is a compact abelian subgroup of T d and its Lie algebra is ker/3]j. Note that K 
is not connected in general. Let us consider the standard action of T d on C d with 
the Kahler form | J2i=i dv 1 A dv^ by 

[a] • (v 1 ,--- ,v d ) = (e 27ria V,--- ,e 2 ™ ad v d ). 

Consider the action of K on C d obtained as the restriction of the T d -action and 
the moment map /j,k '■ C d — * 6*. The Kahler cone manifold C(S) is obtained as the 
Kahler quotient 

C(S) = (^ 1 (0)\{0})/K. 
See [TB] for more detail. The closure C(S) is obtained as 

C(S) = »k\0)/K 

which is realized also as a normal complex analytic space via the standard method 
using fans in algebraic geometry 
A Sasaki manifold S is obtained as 

s=(^ 1 (o)nS 2d - 1 )/K 

where S 26 " -1 is the standard (2d — l)-sphere in C d . This Sasaki metric is often 
called the canonical Sasaki metric, and the symplectic potential on C(S) and the 
Rccb field are respectively given by 

d 

G can = ^kiy^Ogkiy), 

1=1 

d 
i=l 

where k (y) = (A, , y) . For a general Reeb field (6ja symplectic potential G^ an on 
C(S) is given by 

»=i 

where l$(y) = (£,y) and = (£ can ,y), see [3U] for more detail. The corresponding 
Kahler potential F£ an , computed by the Legendre transform, is given by 

p c r = \kivi 

see (61) in [TT]. Since the Kahler potential is equal to ^r 2 then r 2 = l(-(y) and the 
Sasakian structure is determined via the identification S = {l^(y) = 1} C C(S). □ 

Proof of Theorem \1.2\ : First we prove that (a) implies (b). Suppose cf > and 
Ci(-D) = 0. By our assumption (m + l)-dimensional torus G acts on S preserving 
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the Sasakian structure. By Proposition 4.3 in [11] we can then choose a G-invariant 
transverse Kahler form u> T such that 



cf = (2m + 2)[w T ]. 



Let p T be the Ricci form of oj t . Note that uj t and p T are defined on each local leaf 
spaces of the Reeb foliation, but they can be lifted to S to define global 2-forms on 
S. There exists a basic G-invariant smooth function h on S such that 

(13) p T = (2m + 2)lu t + id B d B h 

on S. By an elementary curvature computation in Sasakian geometry the equation 
(fl"3|) is equivalent to 



(14) p = -iddlogdet(Fij) = iddh 

on C(S) where h is pulled back to C(S) = K+ x S so that h satisfies 

(15) r-£-h = £h = 

or 

and where F is the Kahler potential on C(S), (e x ° +ie ° , • • • , e xm + iem ^ is the coordi- 
nates of C = (C*) m+1 and 

_ d 2 F 

Note that since F is G-invariant it is independent of l, s. Since any G-invariant 
pluriharmonic function on C(S) is an affine function then there exists a 7 € q* such 
that 

m 

(16) logdet^) = -2^7^ - h 

i=0 

by replacing h + constant by h. Using the Legendre transform G of F we get 

m 

(17) logdet(G y ) = 2^7^ + h. 

i=0 

Using Abreu-Guillemin arguments about the boundary behavior of G it is shown 
in [2D] that 

(18) (A i , 7 ) = -1 fur., I.---.,/. 

Since the moment map image has non-empty interior there are (to + 1) vectors 
An ' ' ' ' ' linearly independent over K. Hence one can consider 7 as a solution 

to the linear equations 

(Xj i , 7) = — 1 for i = 1, • • • , m + 1 

and sees that 7 S Qg™ +1 . Choosing a positive integer £ such that £j is a primitive 
element of the integer lattice. Since rj(£) = 1 and the moment map on C(S) is 
given by \r 2 r\ we have (y, £) > for all y E C. It is also shown in [2D] that 
(7, £) = —to — 1. This proves that (a) implies (b). 

Next we prove that (b) implies (c). Return to the Delzant construction in the 
proof of Proposition 13.41 One sees that p^ 1 (0) is given by 

d 

/% X (0) = {veC d \ ^6ih| 2 = for all b e t C R d }. 

i=l 
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By Proposition 13.31 we may assume that the first component of Xi is £ for each i. 
Recall that 



Y^aiXi € Z m+1 

i=l 

for all [a] € K. Looking at the first component we get 

£{a x + hfld) e Z 

for all [a] € -K\ Thus 

^2«(a 1+ ...+a,) dui A . A dvd) ®t = A . A ^j®^ 

Let bi, • • ■ , bd-m-i be a basis of t, and put bi = (6*1, • • • , and 

d „ 

J'=l 



Then 

(19) (i(Xi) • • • A ■ • • A efo d ) 



descends to a nowhere zero section of K®fgs . Hence is a trivial line bundle. 

This proves that (d) implies (c). Note that this proof shows the section (fT9]l extends 



to the apex of C(S), as a token of Q-Gorenstein property (c.f. Remark ll.3p . 

We now prove that (c) implies (a). Suppose we are given a G-invariant Sasakian 
structure with Reeb field £ and with trivial line bundle K^ S y Thus we have a 
G-invariant Kahler metric u> and a nowhere vanishing holomorphic section fti of 
if®( S) . Let hi be defined by 

hi = - e io g \\ni\\ 2 

where the norm of fti is taken with respect to u>. Then the Ricci form p of lo is 
written as 

(20) p = ^-ddhi 

ZTT 

Let h be the average of hi by the action of G. Since p is G-invariant we see from 
(1201 that 



(21) p = ±ddh. 

ZTT 

Starting from (fT4f which is identical to (j2Tj) we get (fT6|) and (jTTJ) (though we do 
not have (fT5|) L Then it is shown in [20] that 

(22) (£ >7 ) = -(m+l). 

The equation (|16jl says that e det^j) is a flat metric on C(S). Consider the 
(m + l)-form ft written as 

(23) ft = e- ,; ^™o^ e 'e*(det(^))^z°A---Adz m 

= e -E£ A ... Adz m 

where we used (1161) . Then ft is multi- valued if 7 is not integral but only rational. 
Let £1 be the positive integer such that £17 is a primitive element of the integer 
lattice. Then ft®^ 1 is a holomorphic section of -K"®^ over the open set corresponding 

14 



to the interior of the moment map image. But since ||0® £l || = 1 we see that 
extends to the whole C(S). We further have 

(24) £ £ = (m + l)iO 

and 

m+1 



-L0 m+1 . 



l -\ (-ir(-+ 1 )/ 2 QAn = exp (/ l )— + ur 

Since £ is decomposed into the holomorphic and the anti-holomorphic parts 



z = \<&-iJZ) + \{z+in) 



with J£ = —rjr we have 



<:)r 

c e vt = Ci 



From this and l[2"3]) it follows that 

L 9 fl = (m+ 1)0 
'ai- 
and 

C rJL (fiAfi) = 2(m + 1)0 AO. 
On the other hand since to = idd(r 2 /2) we have 

£ a = 2(m+ l)w m+1 . 

Taking the Lie derivative of both sides of (|23|) by rj^ we get 

dh 

Since ft. is G- invariant we also have £h = 0. Hence (|25|) implies [p T ] = (2m + 
2)[w T ] as basic cohomology classes, from which we get cf > and c\(D) = by 
Proposition 4.3 in [11]. This completes the proof of Theorem ll.2l 

4. Examples and remarks on the fundamental groups 

As is mentioned in the introduction there are examples of 3 dimensional toric 
diagrams of height 1 denoted by X p ' q , Y pq , Z p ' q and L p ' q ' r known in physics 
literature and all the corresponding Sasaki manifolds have Sasaki-Einstein metrics 
by the existence result of [TT]. To check that these toric diagrams satisfy the 
goodness condition of Definition 13.21 the following proposition is useful. 

Proposition 4.1. Let C be a convex polyhedral cone in IR 3 given by 

C = {yeR 3 | (y, Xi) > 0, j = l,--- ,d} 

with 

( 1 \ 

Ai = Pi , ■ • • , A d = 

V ii J 

Then C is good in the sense of Definition \3. 2\ if and only if either 

(i) \Pi+i ~Pi\ = 1 or \q i+ i - qi\ = 1 

or 

(ii) Pi+i — Pi and qi+i — qi are relatively prime non-zero integers 
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for i = 1, ■ ■ ■ ,d where we have put Xd+i = Ai . 

Further the area of the 2- dimensional convex polytope formed by 

Pi \ ( Vd\ ( Pi 

qi J ' " ' ' V Id ) ' V 21 

is an invariant of the equivalent classes given by the action of some element of 
SX(3,Z) on the set of all such diagrams. 

Proof. Let a\ and a2 be real numbers such that a\Xi + a 2 Xi+\ G Z 3 . Then we have 

(26) ai + a 2 G Z, p^ai + p i+ ia 2 G Z, g^ai + g i+ ia 2 € Z. 
It follows from these that 

(27) -pi)a 2 e Z, (g l+ i - g;)a 2 G Z. 

If (pi+i — Pi) and (gi+i — g s :) satisfy (i) or (ii) then there exist s, i G Z such that 
s(Pi+i — Pi) + t(qi+i — qi) = 1. Then from (|2T|) we get a 2 G Z. From we also 
have a\ G Z. Conversely if a 2 satisfying (|27p is always in Z then (p^+i — Pi) and 
(°j+i ~ ft) ar e relatively prime. 

If a diagram of the first variable 1 is transformed to another by an element of 
SL(3,1i) then the volume of the 3-dimensional truncated cone 

{aiAi + • • • + a d X d | < ai < 1, • • • , < a d < 1, < a x + ■ ■ ■ + a d < 1} 

is invariant. But this is equal to one thirds of the area described in the statement 
of the proposition. This completes the proof of Proposition 14. 11 □ 

We give a simplest toric diagram of hight I. Let C be the convex polyhedral 
cone defined by 

C = {yeR 3 | (y,Xi)>0, j = l, 2, 3} 

with 

A, =(i)- Aj =0)- As 

Then this is a good cone and defines a smooth Sasaki manifold. One can show that 

7=| -1 




Taking 



0-1 
.1=1-11 

1 I 



t A- 1 X 1 = ^ J , ^-^2 = ^ 1 J , S A- X A 3 = 

By following the Delzant construction one sees that the resulting Sasaki manifold 
is the Lens space S 5 /Ze. 

Next let C be the convex polyhedral cone defined by 

C = {y eM 3 | (y,Xi)>0, j = 2, 3, 4} 
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with 

^-(s).»-(;).'-(j)^-( t ! 1 

Then this is a good cone and defines a smooth Sasaki manifold. The resulting 
Sasaki manifold does not satisfy the conditions of Theorem 11.21 because there is no 
7 with (7, Xj) = -1 for j = 1, 2, 3, 4. 

One can show that if £ > 1 then the resulting Sasaki manifold S is not simply 
connected. This follows from a result of Lerman [17] which is stated as follows. Let 
C be the subgroup of Z B generated by Ai, • • ■ , Xd- Then tti(S) = Z fl /£. Obviously 
Z fl /£ is not trivial if £ > 1. Thus we proved the following. 

Proposition 4.2. Let S be a compact connected toric Sasaki manifold associated 
with a toric diagram of height £ > 1 . Then S is not simply connected. 

Note that the converse is not true as the following example shows. Consider the 
toric diagram with height 1 defined by the three normal vectors 

^=(ih=(\)-*'={\ 

The resulting Sasaki manifold is the Lense space with a different Zs-action from 
the above example with I = 5. Note also for example Y p q is not simply connected 
unless p and q are relatively prime. 

Proof of Theorem \1.5\ : Put n = k + 3. We construct diagrams of height 1 with 
either \p. l+1 - Pi \ = 1 or \q l+1 - %| = 1 such that (pi, £?i), • • • ,{p n ,<ln),{pi,Qi) 
form a convex polytope with n vertices and that they generate 1? . Then S is 
simply connected since C = 1? . By another theorem of Lerman |17j we know that 
bi{S) = n — 3 = k. It follows from the classification of five dimensional simply 
connected spin manifolds with T 3 -action ([6]) that S = S 5 §k(S 2 x S 5 ). 

There are many ways to construct such examples. For instance if k = 2r so that 
n = 2r + 3 then take 

:HSM:;H; 

V, \ ( r \ ( Pr + 1 \ ( r + 1 



, y rJr±H J ^ qr+1 J y (r+lKr+2) 
Pr+2 \ _ ( r 

q r+2 )-[ Il±iKl±a + s _i 

P2r+1 \ _ ( 1 \ ( P2r+2 \ _ ( 

q2r+1 ) { (r±iKi±m + s _iM J . [ q2r+2 

For different values of s they give inequivalent toric diagrams because they have 
different areas. If k = 2r — 1 so that n = 2r + 2 then take 

:)-(!Ms)-CM:)-C 



Pr-l 



r- 1 

(r — l)r 
2 
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Pr \ _ r \ Pr+1 



r \ ( n„,i \ / 



, r j y rt+H + s J'\q r+1 J - \ M(i±i)+ s + i 

Pr+3 \ ( ~ r \ ( Pr+4 \ ( ~{r - 1) 



r(r+l) , „ I J I „ , „ - I (r-l)r 



2 



Qr+3 ) \ 2 + S ) \ q r +4 

Q2r J V 3 / V q2r + 1 J V 
Then again different values of s give inequivalent diagrams. This completes the 
proof of Theorem 11.51 
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